The index of a minimal surface is defined to be the number of negative eigenvalues of the operator corresponding to second variation of area. In the present paper, we characterize the catenoid as the only complete oriented minimal surface in R 3 of index one with embedded ends. We also obtain upper bounds for the index of minimal surfaces in R 4 , in terms of the total curvature of the surface.
1. Introduction. The index of a minimal surface measures how far the surface is from being stable, with index equal to zero corresponding to stability. For noncompact surfaces M, one defines the index as the limit of the indices of an exhausting sequence of compact domains D in M. The index of a domain D is the number of negative eigenvalues of the Dirichlet eigenvalue problem on D for the operator corresponding to second variation of area. For oriented minimal surfaces in R 3 , this eigenvalue problem has the form (Δ -2K)φ + λφ = O on A φ\ dD = 0, where K is the Gaussian curvature of M, and Δ the Laplace-Beltrami operator on M. D. Fischer-Colbrie and R. Schoen [FC-S] , showed that the only complete oriented minimal surface in R 3 of index zero is a plane. Fischer-Colbrie [FC] , then showed that the index of a complete oriented minimal surface in R 3 is finite if and only if the total curvature of the surface is finite. Her results, however, give no explicit information on how the index varies with the total curvature. In [Tl] , it is shown, using heat-kernel techniques, that the index is bounded by an explicit constant times the total curvature.
In §2 of this paper, we obtain a weaker type of bound from below for the index of minimal surfaces in R 3 . We show that all oriented complete minimal surfaces with embedded ends, except the plane and the catenoid, have index at least two. This yields as a corollary the characterization of the catenoid as the only complete oriented minimal surface of index one, with embedded ends. 
which was observed in [T2] . P. Berard and G. Besson [B-B] , showed that this estimate holds for minimal submanifolds of dimension at least three and of arbitrary codimension in Euclidean space. The result, quoted above, by P. Li and S.-T. Yau does not hold in R 2 : if the potential W is nonnegative and positive somewhere, then A+W on R 2 has at least one negative eigenvalue. This is seen by using the fact that the Dirichlet integral is conformally invariant in dimension two. The upper bound for the index of minimal surfaces in R 3 given in [Tl] , therefore had to be obtained by completely different methods. 
is a plane. As mentioned above, in the last section of this paper, we show that the index of a minimal surface in R 4 is bounded by a constant multiple of the total curvature. Our proof uses the fact that the Grassmannian <JΓ2,4 of two-planes in four-space splits as a product of two spheres, and therefore does not immediately generalize to minimal surfaces in Euclidean spaces of dimension at least five. We therefore leave the following question open: for minimal surfaces M 2 in R", n > 5, is the index of M 2 bounded by a constant multiple, depending only on n, of the total curvature?
After the completion of this paper we learned that F. J. Lopez and A. Ros [L-R] have shown that the catenoid and the Enneper surface are the only complete oriented minimal surfaces in R 3 of index one. The method of proof we used to characterize the catenoid as the only complete oriented minimal surface of index one with embedded ends is, however, different from the argument offered by F. J. Lopez and A. Ros.
2, A characterization of the catenoid by its index. We derive a lower bound for the index of minimal surfaces in R 3 as a consequence of the characterization, due to R. Schoen [S] , of the catenoid as the only complete minimal surface in R 3 with two regular embedded ends and of the eigenvalue estimate for Riemann surfaces by P. C. Yang and S.-T. Yau, see [Y-Y] . The characterization of the catenoid by its index follows from this lower bound. Proof If M has infinite total curvature then the index of M is infinite by [FC] , so it is enough to show the lower bound for minimal surfaces with finite total curvature. From the classical results of R. Osserman [O] , it then follows that the Gauss map G of M has a holomorphic extension to a Riemann surface compactification M of M. When M is not a plane, we therefore have a non-constant holomorphic 4πk k where g is the genus of M. Now, for immersed oriented minimal surfaces in R 3 we have, see [O] ,
where r is the number of ends of M. By using the maximum principle on the coordinate functions of the ambient Euclidean space, we find that a minimal surface in R 3 of finite total curvature with one embedded end has to be a plane. Furthermore, if r = 2 and the ends of M are embedded, we know that M is a catenoid by R. Schoen [S] . Since we are excluding the plane and the catenoid from over index estimate, we can assume that r > 3, so that k > g + 2.
By estimate (1) above, we then have
We therefore have two eigenvalues of Δ-^ that are strictly less than two: λo = 0 and λ\. Since the index of M is equal to the number of eigenvalues of Δ^ that are strictly less than two, this completes our proof.
In the case of the catenoid, the Gauss map is a diffeomorphism from M to the sphere minus two points. The index of the catenoid is therefore equal to the number of eigenvalues of the sphere that are strictly less than two, i.e., the index of the catenoid is one. Hence, our index estimate yields the following immediate corollary. COROLLARY 1. The only complete oriented minimal surface in R 3 of index one with embedded ends is the catenoid.
Index bounds for minimal surfaces in R
4 . In this section we obtain upper bounds for the index of oriented minimal surfaces in R 4 . The index is bounded above by a constant multiple of the total curvature. REMARK 2. For a non-orientable minimal surface we can bound the index by the index of its two-sheeted oriented cover. Hence, for nonorientable surfaces the estimate above holds if we double the given multiple of the total curvature. REMARK 3. It is not possible to bound the index from below by a multiple of the total curvature, since if M 2 in R 4 ~ C x C is a holomorphic subvariety, then M 2 is always stable.
Proof Let N{M) denote the normal bundle of M and let E be a smooth compactly supported section of this bundle. The second 256 SHIU-YUEN CHENG AND JOHAN TYSK derivative of the area of M under the variation corresponding to E is given by 
is the transpose of the second fundamental form for all t > 0. Their theorem is stated for the case of smooth Hermitian vector bundles. However, it is easily seen to apply to our case by considering the complexified bundle N{M)®C and extending the inner product on N(M) to a Hermitian inner product on N(M) ® C. We then extend V to a complex linear connection which is Hermitian with respect to the metric on N(M) ® C. Furthermore, the connection V on N(M) ® C has singularities at points where K = 0, but since there are only finitely many such points, a straightforward approximation argument makes it clear that the inequality in [H-S-U] also holds in our case. Now,
where S\ and S2 are spheres of radius 1/Λ/2, see for example [W] . To see this, let N(μ) denote the number of eigenvalues of (M,G*(ds% 24 )) that are strictly less than μ and let Nj(μ) 9 j = 1,2, denote the eigenvalues of (M, 2gj(ds$ )) that are strictly less than μ. Now 
Choose a basis for L, by abuse of notation denoted {u\,...,u m } 9 such that (bij) is the identity matrix and (cy) is diagonalized. We order the basis vectors so that cu < 1, for / < /, and cu > 1, for / > /, for some I, 0 < I <m. Using the properties of (bij) and (cy), we find that (0y)-2//(Z>y)<O, he /th distinct eigenvalue of S 2 is known to be /(/ + 1), with multiplicity 2/ + 1. Using this, we find that t « 0.426 gives the smallest possible value of 6.36 of the coefficient of 2(deg g\ + deg gι), thus proving our theorem.
